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ROYAL ATRCRAFT ESTABLTSHMENT, FARNBOROUGH

Prelimirery survey of principles in the
guidance ol Blue Streak

by

G. B. Longden, M.A.

SUMBARY,

The note examines the guidance of a ballistic rocket starting from basic
principles. The work shows that guidance should be viewed in terms of velo-
city rather than position, and develops the concept of reference velocity,
the velocity towards which the actusl missile velocity should be directed.
Several definitions of reference velocity are shown to he substantially
equivalent. Approximation by a linear funotion of position is shown valid
over a region roughly €0 miles long and 30 miles hign but the coordinates
used in this approximation are owrvilinear and not suitable for an inertia
navigator. The note ends with brief descriptions of three ways in which a
ballistioc rocket may be guided.
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1 Introduction

Work in references 1 - 3 has been concerned with the guidance accuracy
required for Blue Streak. The next problem which ariues is how the required
acouracy may be achieved. As a preliminary step towards guidance proposals, it
is the purpose of this note to clarify the aims of the guidance system, to pro-
vide a framework in terms of which any guidance system should be viewed.

The first part of the note examines the effect of applying a control
acceleration to a ballistic missile, thereby causing a slight modification to
its ballistic path. The investigation shows that the effect on the velocity ia
of prime concern leading to the suggestion that guidance should be viewed
chiefly in terms of the velocity of the missile.

This leads to the conocept of a reference velocity which may be defined as
the velocity which the missile is desired to possesa. Several different defi-
nitions are worked out in the neighbourhood of a standard cut-off position
100 n. miles high assuming that the missile travels 2500 n. miles over the
earth surface between cut-off and impact. The calculations assume a spherical,
non-rotating earth exerting a gravitational field due to a uniform sphere.

Finally the note considers the accuracy of linear and quadratio approxi-
mations to particular definitions of the reference velocity. These show that
a fairly simple computer oould be designed for computing the instant of motor
out~off. The particular approximations require to be fed with curvilinear
co-oxrdinates which could be provided by ground-based radar navigation but not
by & missile~borne inertia navigator.

2 Guidanoe in azimuth

2,1 During the boost phase of the flight of a ballistic rocket, errors will
arise which will ceuse the individual misaile to become dispersed from the
position and velocity which a standard missile might be expeoted to attain.
These errors ocan be oorrected continuously by guidance and ocontrol to an
extent which depends on how large the errors are and what sacrifioe in per-
formanoe is tolerable. Suppose that the missile has been boosted to a

-2 -
SECRET - DISCREET




e R B g i e

o s I g

SECRET - DISCREET

Techniosl Memorandum No. GW 263

velocity which is epproximately correct in order that the missile shall sub-
sequently hit the target after travelling over ite ballistic trajectory:

Such a state of effairs may exist after the main boost motor has been out-off
waile finel trimming adjustments are being made to the velocity by means of a
lower thrust vernier motor.

If the errors remain uncorrected, the missile will eventually reach the
ground at some distence from the target. Consider the error in line at the
terget, that is the distance of the impact point from the plane of the great
circle passing through the standard out-~off point and the target. I% has
been shown in Reforence 1 that the line component of the impact error

oorrzct to first order of errors) is

E&=A6y+B&v (1)

where & is the exror in line of the present missile position

& is the error in the azimuth component of the missile velocity
and A and B are oonstants depending on the trajeotory.
Take as examples of the errors to be' corrected

& = 5n. miles and &v = 50 £t/sec.

Consider a Wprical trajectory such that the missile travels 2500 ne miles
from a cut-off 100 n. miles high, with the olimb angle chosen £o a8 o require
least velooity at cut-off. Then ‘ :

A = 0.49G63 x 104" n. miles pexr foot

B = 0s1515 ne miles per fi/sec.

Equation (1) shows that the error in line to be corrected amounts to

Ebl 2 9.07 n. miles.

2,2 Buppose it is required to correct the error in line by means of an
aoceleration f aoting for a time T seconds. At the end of the period of
acoeleration, the line component of the impact error is

A (& - 42%%) + B (&v ~ £1)

assuming that the constants A and B will be almost unchanged, which 4s
true provided that the control durstion % is short compared wiih the total
time of flight over the trajeotory. Equeting the final impaot error to zero
shows that

%Atz + Bt 'L‘h'z + Br

This may be written

H

-fé = 'l'A‘fz + Bx (2)
. N 3 -
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whioch may be exprassed in words as the line error at the target which is
ocorrected by unit aoceleration for the duration of the vernier control «
secords,

Taking a duration ¢ = 20 seconds,

$Ae® = 0.0098 n. miles per £t/sec2

Bt = 3.03 n. miles per ft/seoz.

From the relative sizes of the two components of expression (2), it is apparent
that the effect of the change of heading is more than three hurdred times the
effert of the change in position. If the control duration were longer, the
ratio would be rather less pronounced but even for a control duration ten times
longer (i.e. 200 secords) it remains true that the change' of heading is more
importent than the change of position. The conclusion is that guldance in
azimuth should aim at achieving a certain heading of the missile, the heading
being a slowly changing function of position.

In order to correct the errgrs quoted sbove, the missile wculd require a
lateral acceleration of 3 ft/sec” for 20 seconds.

3  Guidsnce in range

3«1 VWhile an error in time of flight may cause an incideatal error due to
rotation of the earth, the size of this error is not expected to be important
s0 that the time at which the target is reached is not of prime importance.
Taus the only other error which is important is the error in range at the
target. This is governed to a varying Aegree by four errors at cut-off;
namely, errors in speed, climb angle, height ard ground range. It has been
shown in Ref.1 that the range nt of the impact error may be written
(correct to first order of errors;

Er = Abdz + Bov (5)

where &z is the component of the missile displacement error at cut-off along
a certain displacement critical direotion;

v 1s the component of the missile velocity errar at cut-off along a
certain veloocilty critical direction;

and A, B are oonstants depending on the trajectory.

The constants A, B are different from those in the mreceding seotiom
but no confusion need arise.

The critical directions depend on the trajectory to be followed. For the
partioular trajectory on which the climb angle at cut~off is optimized to give
maximumm range over the orbital phase of the trajectory, the velocity critical
direotion lles along the desired direction of the velooity so that effectively
Sv is the error in speed (the scalar magnitude of the velocity). This ceases
to be true on other types of ballistic trajectory.

Teke as examples of errors to be oarrected near ocut—off
8 = 5 n. miles
87 = 50 ft/!eo ’

similar to the errors in azimuth in the preoceding section. ——

- 4 -
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Consider the same typical trajectory such that the missile travels
2500 n. miles from a cut-off 100 n. miles high, with the clinb angle so
chosen as to require least speed at cut-off.

Then

A = 0.4413 x 10~ n. miles per foot
B = 0.3715 n. miles per ft/sec.

The displacement critical direction is at 67.135 degrees to the horizontal
and the velocity critical direction is at 33450 degrees to the horisontal.

Equation (3) shows that the error to be corrected amounts to

Er = 31 «08 n. miles.

3+2 “Suppose it is required to correct the error in range by meens of an
acoeleration £ acting for a time 4. Let the acceleration act at an
angle a to the horiszontal where ¢ remains to be chosen.

At the eni of the period of acceleration, the componeni of the dis-
placement error along the aritical direction is

5z + iz*f‘tz cos (a - 67°8')
and the ocomponent of the velocity exrror along the critical direction is
&v + £x cos (a - 33°30') .

Thus at the end of the period of control acceleralion, the range component
of the impaoct error is

A {8z + 121‘12 cos (& ~ 67°8t)} + B {év + £x cos (a — 33°30')}

assuming that the oconstants A and B will remain nearly oonstant. As
before, this is true provided the control duration « is short compared
with the total time of flight over the trajeotory. If the final error at
impact is zmero, then

- Adz + Bov .
%A'r{ (oos « ~ 67°8!) + Bx cos (& — 33°30')

Using equation (3), this may be written as
E
--f- a LA cos (a - 67°8%) 4+ Bx cos (a - 33°30') (&)

which may be expressad in words as the range error at the target oorrected
by unit acceleration during the vernier oontrol. Expression %4) is a
funotion of a, the direction of the correcting acceleration f. It ia
obviously most eocnomiocsl to choose the inclination « eo that the
expression (4) 1s a maximmm. This ocours when

-5 -
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ton o w HAT oin 67°8' 4 By oin 337301 5)
1a+? cos 67°8" + Bx cos 33°30!

Consider a vernier duration < = 20 seconds. Then the value of the angle
a given by equation (5) is 33°54!, which scarcely differs from the inclination

. of the velocity critical direction.

With this value of «, the two components on the right hand side of
expression (4) are

%A'r:z oos (a = 67°8!) = 0,06877 n. miles per ft/seoz_
Bt o008 (u ~ 33°30') = 7.43 n. miles per £t/sec> .

. Prom the relative sizes of these two terms in expression (4) the effect of
a change of speed is over one hundred times the effect of the corresponding
change in position. Again, the conclusion is that guidance in range should aim
at achieving a certain aritical component of the missile welocity (locsely
equivalent to the speed) the apecified component being a slowly changing func—
tion of olimb angle and position.

3.3 It is worthy of note that the error in range i3 very insensitive to the
climb angle at ocut-off. This is primarily due to the method of optimizing the
the ballistioc trajectory proposed 'in reference 2. However, sinoce the orbital
part of the trajectory comprises most of the flight of the missile, the olimb

“angle at cut-off suggested by reference 2 is not far fram the value which gives
" maximum range from launch to impaot. Adjustment of the range error at impect

by means of the climb angle must be a wasteful process requiring perhaps a
hundred times as much acceleration as the adjustment of speed.

In order to correct the fypicel error in range E, quoted above, the
missile will require an acceleration of 4.1 ft/secz for 20 seconds.

N Reference velocity

4.1 The previocus two sectionas have shown thet during the vernier stage of
guidancs and control, it is profitable to regard the guidence in terms of the
velocity with which the missile is moving. Corrections to the missile path are
most readily commnicated as small changes to the wvelocity already attained.
Out of this method of thinking there arises the concept of a reference veloocity,
defined as the velocity which the missile should possess if it is to hit the
target, towards which the actual missile velocity should be steered. The
reference velocity is a slowly varying function of position, and of the olimb
angle which may be arbitrarily disposed. Guidance in azimuth may be attained
by comparing the desired and attained values of the lateral velocity components
and accelerating the missile to null the difference. Guidance in range could
be achieved by oomparing the reference speed with the speed attained and
aoccelerating the missile to mull the differenoce,

4e2 Such a method of guidance in azimuth appears quite feasible. However,
for guidance in range, it appears sensible to axrrange that the missile needs
orly to aocelerate and never to decslerate. Such an arrangement represents am
eoonomy in fuel sinoce there is no need to accelerate beyond the reference
speed. Furthermore, there is no need to mount a motor which can thrust in a
direoction t. oppose the velocity. The prioe peid for the provision of thrust
only in the direction of motion is that the operation of controlling in range
is a single attempt which must be sufficiently accurate at the first shot.

- 6 -
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There is no possibility of avoiding an error if the thrust is not out~off at
the correct instant since relighting the motor is impracticable apd no motor
is installed for providing backward thrust.

ko3 It appears desirable to compute continuously (striotly at frequent
intervals) all three components of the reference velocity so thet a frequent
comparison of cut-off velocity and actual velocity may be made. At the final
vernier cut-off, it is necessary to contwrol all three components of the
missile velooity to be adequately close to the. corresponding components of
tre reference velooity, Sinoe the moment of cut-off is governed by the
coincidence of the critical ocomponents, the other two components of the mis-
sile velocity should be already adequately olose to the reference components.

' Hence. there arises a distinction between guidance in range and in
azimuth. The guidance in range consists of a single act when a signal is
sent to cut off the motor. Guidance in attitude which governs primarily the
azimith exror (see section 3.3 about effect of olimb angle on range errcr)
will be prolonged and should aim to be complete by the earliest moment at
which cut—off is likely to occur. The term'attitude"is used in a vector sense
to denote the direcvion of the missile longitudinal axis in both vertical and
horizontal planes. By the term "completion" is meant that the control in
azimith has reduced and meintained the difference between the lateral com-
ponent of the reference velocity and the actual velooity below a level corres-
ponding to tolersble error at impact. If the azimuth control were prolonged
beyond the cut-cff point of the longitudinal motor, it would be essential
that the azimuth motors be at right angles to the welocity of the missile in
order that no further error in range be caused by subsequent correction to
the ezimith velocity component. Such a stipulation would be diffiocult to
satisfy, and furthermore, the azimuth motors would be separate wnits. It is
hoped that adequate attitude control may be achieved by sideways deflection
of a motor which thrusts chiefly longitudinally. "

4ol  The size of thrust during the vernier stage of flight is distated by
the ability to cut-off the speed and control the attitude of the missile

within tolerances which correspond to the required accuracy in impact position.

Reference L4 quotes that a Norih American rooket motor with 240 K 1b thrust can
be cut-off with an effective scatter in time of #0.04 sevond, a figure which
may be improved upon, partioularly if some attention is directed to achieving
reproducible cut-cff. Assuming the same scatter may be applied to the vernier
motor which will heve smaller thrust, the acceleration during the vernier
stage may be no more than 25 ft/sec? (0.78g) in order that the speed after
cut—off shall be correot to Hl ft/sec. For the Atlas missile, Convair pro-
posals were for a vernier acceleration of 0.25g.

The length of the vernier stage would be ideally as short as possible.
In a guidance scheme employing radar, the missile is rapidly becoming more
remote from the ground station so that measurements are progressively more
diffioult, and probably less aoccurate, as time proceeds. Similar oonsidera-
tions apply to inertia guidance equipment where some part of the error will
increase with time, Thus it is desirable that the errors to be corracted at
the start of the vernier stage shall be as small as posasible. This means
that guidance during the main boost, and the cutting off of the main motor
should be as acouwrate as possible, suggesting that whatever method of

is used during the vernier control stage should also be employed

during the later stage of the main boost phase,

If the final aoceleration during boost is 20g at the time of main motcr
out-off, and the socatter in the effective out-off inatant is 0,04 seocond, the
soatter in velocity after cut-off is likely to be 26 ft/ssc. Thus if the
main motor cut-off is timed to be effective on average at a speed 50 ft/sec
short of the reference speed, the missile will rarely exceed the required

Lo d 7 L
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cut~off speed as a result of uncertainty in the impulse arising during extino-
tion of the main motor. If the vernier aoceleratlon were chosen as 10 fﬁ/seoz,

the vernier stage would last on an average 5 seconds.

However, it will be necessary to ensure that the vernier stage lasts for
at least some time in order that guidance and control functions mey have time
t6 settle. Any laterel velooity at the instant of main motor cut-off must be
reduced to a tolereble level., In the Convalr acheme for the guidance of Atlas,
the smoothing time oonstant used in deriving missile veloclty was expected to
be of the order of 10 seconds, and so the vernier stage was arranged to last
for at least 20 seconds. :

4.5 It is apparent that there may be a need for a reference velocity which is
defined over a whole range of positions covering the vernier phase and also the
later stages of the boost jhase., '

The first step in cbteining such a reference velocity is to derive a
general relation for the velooity required to pass through a specified target.
This may be deduced as follows, under the simplifying assumptions of a spherical
non~xotating earth.

Teke coordinates (r, &) to be polar ooordinates with respect to the centre
of the earth as origin and initial line passing through the target. The angle
¢ is measured positively in the sense opposing the direction of flight of th
missile. -

Reference 2, equation (4), shows that the ocondition that an orbit stariing
from a point (r4, &) passes through a target (rp, 0) is

2
1+
-3; = p1:: (4 = ocos Q1)+(oos ¥ - siné,l)-};- (6)
where Py ¢ govern the wvelooity at cut-off through the relations
2
r,v
11
p, = (7)
1 @2
and 4 = ta.ne.‘ . (8)

At cut-off, the velooity is assumed to be of magnitude wy inolined at en
angle to the local horizontal. The radius of the earth is tekem as R,
and g e aooceleration due to gravity at the earth surfaoce.

From the analytical geometry of an ellipse, it may be deduced from equation
(6) that the length of the semi-latus-rectum of the arbit is

TyPy

& = 2 . (9)
1y
Write o a oot %w1 . (10)
02 ‘
It may be shown that o8 8 = —E} (11)
C +
-8 -
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and sin g = §_° . (12)
o +1 :

Substituting equations (9), (11) and (12) into equation (€) gives

2
02+1 - 02+1-<:2+1 + o -1-2q 0
r, ) ry

2r1r2

& -7 =T (02+1) - T, (02-1) + 2qq0r, .

Write h = 7 ~-x (13)

where h 1s the height of the cut~off point in excess of the target height,

2r
Then __:1&_1'_2 = h (02+1) + 2x, (1+q10) . (14)

Substituting for ¢ from equation (9) and for Py from equation (7) results
in the following equations: :

2
o g % Py 2g R? 1'2(1-i-q‘1 )
v, = = .
2
! Ty r, {8(c%1) + 2ry(1+0q,)]

(15)

L6 Equation (15) defines the speed v, reoquired at a ocut—off point dis-
tance xry; from the centre of the earthlnonde:rtoreadmatargetdiatame
ry from the ocentre of the earth at a range from cut-off such that the trajeo—
tory subtends an angle & at the centre of the earth. In equation (15), it
is necessary to specify the olimb angle at cut~off &4 (govermed by ¢4 =
tan 64)e The varisbles o and h are defined in equations (10) and 113).
It is apparent that an infinity of vaouum trajectories mey be found passing
through two specified points, at cut-off and the target. Generally, it is
necessary to speoify in addition some extra oriterion in order to define
uniquely the velooify required at cut-off (reference velocity). This may be
achieved for example by making the olimb angle some specified funotion of
position. The reference velocity then becomes a definite function of posi-
tion, with the megnitude vy governed by equation (15).

5 Some definitions of reference velooity

5.1 Some six simple methods of defining the reference velocity are oon-
sidered below. The fixst definition is perhaps the most cbvious and comprises
the velocity whioch has the least magnitude of all those which cause the mis-
sile to pess through the target. The reference velooity defined in this way
is the optimm one suggested in reference 2 and is most s defined by the
formilae quobed there, The speed is shown in equations (26) and (29) of
veference 2 %o be v, where

2 %ﬁ (16)
v. - : 4
1 e .

-9 -
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vhere 4 1is the straight line distance from cut—off to the target defined by
2 2 2
QA" = o+ T, - 21‘11'2 cos Q1 N (17)

This equation (17) may be written in a slightly more oconvenient form by
use of equation (13) as

a® = B4 2r,r, (1 = cos ) . (172)

The olimb angle required on such an optimum trajectory is 6, where
equation (33) of reference 2 shows

r
1
cot 28, = (r—2> cosec &, ~ oot &, . (18)

5+2 Another possible definition of the reference velocity arises from the
work of reference 1, where it is assumed that the missile flies on a ground

‘optimlized trajectory. This is defined as the vacuum ballistic trajectory pas~

sing through the out-off point and the target whioh covers the greatest range
between the two points in which it intersects the earth surface. Inclusion of
an "imaginary" part of the trajectory before the cut—off point makes some
allowance for the necessity to choose a trajectory which is economical between
launch and target rather than between cui~off and target as in reference 2.

As shown in reference 1, equation (27), the condition which speocifies a ground
optimized trajectory is S

P = 1 -7, - (19)
By analogy with equation (45), interchanging impact and cut-off,

or, (1+q22)
- h(02+1) + 2x, (1-«;2) )

(20)

Py =

Thus, substituting equation (20) into condition (19), gives
2
1+,
2r,(1~0g,) - h(c®+1) = 2r (————
VI 13 "122
1ra,” 2
2ry0q, + 2r, ——§—1>+h(o+1) = 0
1--q‘,2 .

2
2
i.e, -1—q-2—§+%oq2+ﬁg—)b = 0. (21)
“q 1
Equation (21) represents a oubio in g, which moy be solved to determine the
trajectary required. Equation (21) as written is in a form suiteble for rapid
solution by nuperiosl approximation.
- 40 =
SECRET - DISCREET




SECRET - DISCREET

Teohnlosl Memorandum No. GW 263

It has been shown in reference 3, equation (7) that

ek o ey N
Ty

oot %Q" [

Substituting from equations (10) and (43) gives

ryqy + Tyqy + ch = O. (22)

Once a value of bas been detsrmined from equation (21), the use of
equation (22) leads to the ocorresponding value of gy and so the climb angle
at out-off by equation (8). When the value of q4 has been determined, the
speed at cut-off vy may be oaloulated from equation (45).

53 A third definition of the reference velocity arises from maintaining

the clinb angle at out—off a comstant over the whole family of trejectories.
The direction of the reference velocliy 1s thus specified from the outset and
the magnitude v, may be caloulated readily from equation (15). As an
example Lelow, the constant value used is approximately equal to the optimm
olinmb angle at the atandard cut—off position; optimum being used in the sense
of reference 2 as the olimb angle whioh requires least speed to reach the
target from the given cut-off point.

B¢l A slight modification of maintaining the climb angle oonstant would be
to maintain the cut-off velocity parallel to a fixed direotion in space. Sueh
a definition of olimb angle might be more oonvenient than maintaining the
climd engle oonstant, since the climb angle may be determined only when the
plan positicn of the missile and hence the local vertical is knowm. The
method of calculation is as sbove in section 5.3.

5.5 A more sophisticated suggestion originating with Convair, USA, is that
the latus rectum of the family of trajeotories should be a specified oconstant,
This may be expressed in an equivalent form by requiring that the angular
momentum about the sarth centre per unit mass of the missile is the same for
all the trajectorien. As an example below, the oumstant value used is the
rounded value of that on the optimm trajectories of seotion 5.1 evaluated at
the standard cut—off position. i

From equation (14) above, it can be seen that an equation exists relating
the olimb angle parameter q4 with the cut-off position

r
g0 = 'ﬁ'"zrh‘z("z”) -1 : (23)

Equation (23) defines the climb angle 6 uniquely in texms of the out—off
position through the varisbles ry and o. When the value of g4 has been
caloula the corresponding reference speed v4 may be found from equations
(7) ana (9)

2 2
, &®p 8RB H1?)
71 = I‘1 = 2 .

(24)
ol

506 A finel definition of reference velooity arises by analogy with the
previous definition. The other pwinocipel length assooiated with an ellipse
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is its major axis and it is possible to imagine a schems in which the length of
the major axis of all the elliptical orbits is specified. Equation (21) in
reference 4 shows that the length of the semi-major axis is

- (25)
G = eme—— 25
2---p1

Thus it follows from equation (7) that

g ®p
2 2
v1 = .._1‘_1__1 = 2gR (;11_ - l.) - (26)

Equation (26) shows that the xeference speed required by this relation is
purely a function of height and does uot depend on the distance to the target.
This might possess some adva.ntage in simplicity. However, there is an
asscolated disadventage in freeing the referenoe speed from dependence on the
plan position of the cut—off point. In order that the missile may reach the
target, it is necessary that the speed specified by equation (26) shall exceed
the minimum speed specified by equation (16) of section 5.4. This means that
the value chosen for the length of the major axis (2a) mist be adequate for all
expected positions at which the reference velocity is to be computed. Other-
wise the corresponding 'limb angle will be imaginary, It may be shown (refer-
ence 2) that the approrriste value for the major axis is half the maximum value
of the perimeter of the triangle foxrmed by the cut—off point, the target and
the oentre of the earth.

The correspording olimb angle may be dedused as follows. Substituting
equation (9) in equation (14) gives

2ry(1+q,°)
Py -

. ,. o | 5
i.e. q_12+1 g‘p1{.hicz‘;_1).+1+q10}

(cz+1 Jh + 2r,(14q,0)

1 2 1 2 1 Ty 1 Y2
s (qyZopy)” = Zp(c"+1) <§p1 *E, " 1) - (1=p,)

Substitute for Py from equation (25)

N

ayrop)? = 2 %(0%) (31'1' "21‘) <'L '213)—‘% )

Thus
]

w B DR o

-q2 -
SECRET - DISCRERET

\Y}




e o S RS g R

RS R, v e

SECRET - DISCREET

Pechnical Memorandum No. GW 263

Either of these walues of the climb angle will cause the missile to

pass through the target.
been quoted as mare appropriate.

For the example bslow, the lower olimb angle -has

It may be shown that the values of qq
given by expression (27) are real so long as the speed corresponding to the
value of (26) exceeds the minimum speed required to resch the target.

5.7 The above examples of reference velocities have been computed below for
a pelecotion of five positions.
whioch the missile travels 2500 n. miles to a target on the ground from a out-

off point 100 n. miles high.

The standard trajectory is taken to be one on
About this cut—off point whioh has been desig-

nated (2500, 100) four other points have been oonsidered differing by
50 n. miles in height and #{00 n. miles in ground range: wviz.

(2400, 100) (2500, 150) (2600, 100) (2500, 50).
It will be observed that the first of these coordinates represents the

range travelled ifrom cut-off to impaot and the seocond the height of
out~off, both measured in nautical mlles.

The six values of reference veloocities are oampared in the table below
for each of the five positions enumerated. The first table lists values of
the reference speeds and the second table the corresponding olinb angles.

Table of reference speeds (ft/sec)

Position 2500, 100 | 2400, 100 | 2500, 150 | 2606, 100 | 2500, 50
Lesst speed 18095. 74 |47821.06 | 17789.87 |18359.54 |18410.18
Ground optimum 18109.L5 |47835.41 |17822.70 |48372.68 |18413.38
8 = 33%° 18095, 74 | 17821.61 | 17790.92 | 18360.07 |18411.35
Const. inolination | 18095.74 |417827.66 |17790.92 |18368.12 |18411.35
& = 1239.418 18095.7% | 17832.19 [ 17790.13 | 18370.36 |18410.48
28 = 476,287 18359.54 | 18359.54 | 17859.37 | 18359.54 | 18860.21

Table of reference climb angles
(inclination in degrees to local horizcmtal)

Position 2500, 100 | 2400, 100 | 2500, 150 | 2600, 100 | 2500, 50
Least speed 33°30'16" 33°52'29" 3205810 35°3’ 32t
Ground optimum 3103847 | 340571,9" | 30031370 | 340197 | 3399140
& = 33%° 33°30' | 33030t | 33°30' | 33°30* [ 33030
Const. inolinatiom | 33°30! 35°%10! 33°30¢ 319401 33030!

& = 1239.418 33°30" | 32014t54" | 330q4024n | 30461220 | 33045133
2a = 4776.287 " 25021,128" | 22%21 129" | 28941157 | 33981 23040124

5.8 Inspsotion of the two tables above shows that maintaining the olimb
angle oonstant demands bardly more than 1 ft/seo greater speed than the

least.

The olimb angles may differ by up to half a degree over the region of

space oonsidered, but the reference speeds hardly differ signifilocantly.
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Maintaining the inclination of the reference velocity constant in spaoce
ceuses a slightly greater demand for speed (almost another 10 f£t/sec) and is
assoolated with a variation of rather more than a ‘degree about the olimb angle
for least speed. A aimilarly close approximation to the least speed is pro-
vided by the Conveixr mroposal of oonstent latus reotum. The speeds demanded
approximete olosely to those for a constant velocity direotion in space (up to
10 £1/seoc greaker than the least) and the olimb angles again deviate about a
degree from the olinb angle for least speed but in the opposite sense to the
deviations of the constant inclination.

The reference speeds demanded by a ground optimized trajeotory are as much
as 30 f£t/sec greater than the least, and the climb angles up to 3 degrees lower.
The olinb angles are always lower on the ground optimized %rajectory than the
olimb angles for least speed, but as the height decreases to zero, the two
values approach equality.

The only definition of reference apeed oonsidered here which leads to
speeds greatly exceeding the least is that for which the major axis of the
trajeotories is specified. This arises because the value of the major axis
must be chosen large enough to ensure at least the lowest speed is demanded at
all points where the reference velocity is to be evaluateds For the five posi-
tions considered in the teble, the major axis was determined by the point
(2600, 100) at which the reference velooity was chosen equal to that for the
lowest speed, However, at the point (2400, 100) the resulting speed for a
constant major exis is over 500 ft/sec greater than the lowest speed, which
would demand a large sacrifice in performanoce. Unless the variation of cut-off
position cen be more oclosely oircumscribed, the constant major axis determina-
tion of reference velocity does not appeer profitable.

6  Linear and quadratio fits to reference velocity

6e1 For simpliocity in computing the reference velooity (e.g. in an airborne
oomputor) it may be desired to approximate to the reference speed and olinmb
angle. A mumeriocal investigation is described below whioh determines the range
of positions over which linear and quadratic approximations will hold.

The investigation has been ocarried out in terms of two coordinates of
position, viz, the ground range from launch and the height above the earth
surface., No regard has been paid to the dependence on the azimuth coordinate.
The ground range and height are the two position coordinates which arisc most
naturally in the analysis about a spherical earth but it mist be noted that they
constitute curvilinear coordinates. Beoause of this curvature, transformation
to other ocordinate systems is not simple. This means that the results are not
neoessarily applicable to a ocomputor fed by an inertia navigator which measures
displacements and velooities along oertain fixed directions.

The definition of reference velooity chosen for much of the work is that
given by a oconstant olimb angle. This definition is simpler for numericel work
than the others, which may recammend it also for guidenoe purposes.

Since the olimb angle is chosen constant at all points where the reference
velocity is computed, only the reference speed varies. The oonstant climb
angle chosen was 33% degrees to the local horizontal which is nearly that
requiring least reference speed at the standard cut-off position. The standard
cut-off position is the same as that above in seotion 5 with ocut—off 100 n.miles
high end impact at a ground range from cut-off of 2500 n, miles. The reference
speed at the standard ocut-off position will be referred to as the standard

reference speed.
6.2 Supposc the reference speed is approximated by a linear relationship.
Cansider the aprroximation eveluated at a speed (1+¢) times the standard

-1 -
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reference speed, where g is a small fraction. The next term in the Taylor
series in which the reference speed is expanded about the standard cut-off
point shows that erroaé‘s between a linear approximation and the true reference
speed are of order €%, If en error of 3 f£i/sec is tolerable in the
approximating, and the standard value of the reference speed is aboub

20 X £t/seo0, then to better than an order of magnitude

2 1
e = ZxZO,W

‘ice-- 3""2%'

Henoce it follows that a linear approximation be expeoted to hold
adequately for reference speeds within #100 ft/sec of the standard reference
speed, This 1s confirmed below.

" Similarly with the qua.dratig_ approximation, errors between it and the
accurate value have the order &/« Thus to better than an order of

" magnitude

Thus & quadratio approximation may be expected to hold adequately over a
spread of #00 £t/sec in the reference speeds.

6e3 Appendix I contains a derivation of the first and second order differ-
ential coefficients of the raference speed, defined by a fixed climb angle.
The reference speed is a function of two varisbles, the ground range ani
height of ocut-off. Variation of the reference speed with the climb angle
need not be considered sinos the olimb angle is ocnstant. The equations are
nunbered in the same sequence as those above in the main text. :

The expressions derived for the two first order differentials and the
three second oxrder differentials are evaluated at the standard cut-off
position. The results are in agreement with those published in Reference 3.

6.4 Working correct to seven figures, the following table of reference
speeds may be computed for the constent climb angle @4 = 33% degrees.

Table of reference speeds (ft/sec): constant olimb angle

Ground range to impact

(n. miles)
2470 2500 2530
Cut-off 85 | 18108.4% | 18189426 |18269.20

height 100 | 18014.56 | 18095. 7 | 18176.03
(ne miles) 115 | 17921.66 | 48003.18 |18083.82

Working aqually accurately using the first order coefficienits derived in
Apperdix I, a similar table may be compiled of the linear approximation to
the reference speed. The following table shows the differences between the
linear approximation and the accurate values at the nine points shown above.

- 15 -
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Table of differences between linear a imation
"and accurate referenca speed lftsseog

Ground range to impact

(ne miles)
2470 2500 2530
Cut~aff 85 | ~0.44 <0.49 | +0.30
height 100 | +0elh 0 +00 Lids
(n. miles) 415 | +0.34 048 | =039

This teble confirms that a linear approximation to the reference speed is
likely to hold to within % ft/sec for reference speeds differing by 100 £t/seo
from the stendard ocut-off position.

By computing a oonsidersble number of differencea in the mamner described
above, the diagram in Fig.1 has Leen compliled. This shows the contour of
% f£t/sec difference between the linear approximation and the accurate reference
speed. The contour may be treated in the same way as a polar diagram in that
the corresponding contour for say 1 £4/sec may be obiained by drawing in the
curve which is at all points (2)2 times as far away from the origin as the
curve shown. This is because (for small errors) the exrror in the approximation
varies as the square of the tolerance permitted on the variation in position
(see section 6,2).

Figure 1 shows that the linear approximation will be adequately oclose
over a range of cut-off positions within #15 n. miles of the standard cut—off
height and *30 ne miles of the standard cut-~off ground range.

6.5 In a similar way, the coverage of the quadratic approximation may be
determined. The following table lists the reference speeds ocomputed for a
constant olimb angle of 333 degrees. The positions are more widely spread
than in the table ol section 6./

Table of reference speeds (fit/sec): oconstant olimk angle

Ground range to impaot
(n. miles)

200 2500 2600

Cut~off 50| 18141454 | 18414435 | 1867171
height 100| 17821.,61 | 18095.74 | 18360.07
(ne miles) 150 17512.97 | 17790.92 | 18058.79

Using all the five first and second order ocoefficients derived in Appendix
I, the ocorresponding values of the quadratic aprroximation may be computed.
The following table shows differences between the quadratio approximation and
the esoocurate values quoted in the table above.

-16 -
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Table of differences between gquadratioc approximation
and aoqurate reference speed (ft/sec)

Ground range to impaoct

Ne mJ.J-eS)
24,00 2500 2600
Cut-off 50 | 0639 | <0.10 | =0.13
height 100 | +0.12 0 0,12
(ne miles) 150 | +0e13 0,09 0s 34

By computing the differenoes for several more points, the d.mgram in Fig.2

has been plotted. This shows the contour corresponding to 5 ft/sec error in
the quadratioc approximation to the reference speed. As in Fig.1 the contour
may be scaled in or out sinoe the errors in the approximation vary roughly as
the oube of the distanwe from the standard position at the origin, Thus the
contour for any cther error value may be obtained by magnifying or diminishing
the scale of Fig.2.

The results expressed by Fig.2 are more difficult to summarize than for
Fig.1. It appears reasonable to say that the quadratic approximation will
hold adequately over a range of cut-off positions within #75 n. miles of the
standard position measured normal to the trajectory and +150 n. miles measured
along the trajectoxry.

6.6 Scme work was al3o completed on a def:t.m.tion of reflerence velocity such
that the olimb angle is chosen to make the reference speed least. Appendix
II contains a derivation of the first and second order differential coeffi-
cients of the reference speed, and the first differentials of the olimb angle.

The expressions are evaluated at the standard cut-off position.

The following table of reference speeds has been computed for the least
reference speed at the same puints as in section 6.5«

Teble of reference speeds (£%/sec): least reference speed

Ground range to impact
' (ne miles)
24,00 2500 2600
Cut—off 50 18438.04 18410.16 18671.62
height 100 1 7821 06 18095, i 18359. 54

Using the differential coefficients evaluated in Appendix II, the correspond-
ing values of the quadratio appro:dmtion may be caloulated. The following
teble shows differences between the quadratic approximation and the accurate
values of the reference speed for the nine positions shown in the fteble above.

-17 -
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Table of differences between quadratioc appcoximation
and eoourate reference speed (ft/sec)

Ground range to impaoct
(n. miles)
24,00 2500 2600
Cut-off 50 ~0. 114 ~0,05 -0y 16
height 100 0.12 0 0,11
(n. miles) 150 0,16 O Ol 0y 10

Camperison with the corresponding table in the preceding section 6.5 shows
that the quadratio approximetion to the least reference speed is rather closer
than the quadratic approximation to the reference speed for constant olinb
angle. Thus the quadreatic approximation to the least reference speed mey be
expectedéto hold over a somewhat larger area than that described at the end of
section 6e5.

Since the olimb angle varies when the reference velooity is defined as
that requiring least speed, it is neocessary also to appruximate to the varia-
tion of ths olimb angle. The following teble shows accurate values of the climb
angle oomputed for the same positions as the reference speeds above.

Table of olimb angles for least reference speed
(degrees to local horizontel)

Ground range to impeot (n. m:Lies)
2400 2500 2600
Cut-off 50 34°25t55" | 3,0212)" 33938146"

height 100 33052120" | 33030t47v | 330810
(n. miles) 150 33°19147" | 32958tu0" 32°37'43"

Appendix II contains the analysis leading to values of the first deriva-
tives of the olimb angle with respect to height and ground ranges Thus the
corresponding velues of the linear approximaticn to the olimb angle may be cal-
culated. The following teble shows differences between the linear approxima-—
tion to the climb angle end the acourate values quoted in the teble above.

Table of difference botween linear approximation

anlamateoﬁmb%gisecondsofm)

Ground range to impaot
(ne miles)

2400 2500 2600

Cut-off 50 96 ~15
heigh¥ 400 7 0
(ne miles) 450 78 ~-15

13
7
-88
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It may be shown (e.g. Reference 1) that for olimb angles differing by
up %0 10 minutes of arc from the olimb angle for loast reference aspeed,
there is insignificant effect on the reference speed. Thus it appears from
the above table that a linear approximation to the olimb angle would be
adequate over the range of positions desoribed at the end ol section 6.5.

6.7 The size of each of the linear terms in the approximation to the
reference speed rises to about 300 ft/sec at the edge of the region covered
by the tables in sections 6.5 and 6.6. If error in the linear coefficient
i3 to contribute no mare then & £t/sec error to the valus of the reference
speed, the coefficient must be acc\n'ate to within two parts in a thousand.

The size of the quadratioc terms in the approximation to the reference
speed rises to sbout 5 £t/sec at the edge of the region covered by the
tables. Thua if the error in the quadratic ocoefficient is to contribute no
more than # f£t/sec error to the reference speed, the coeffioient must be
aoccurate to about 10%.

Over the region described at the end of seotion 6.5, the relative
accuraoies required in the ooefficients of the expansion of the reference
speed are as follows:

Constant temm: . 2 parts in 400,000
Linear coeffioient: 1 part in 1,000
Quadratic ocefficient: 3 parts in 100.

The last two accuracies ars probebly within the capability of an
analogus oomputing device. Thus the reference speed computor may be based
on analogue cirouits provided the origin is shifted to the standard value of
the reference speed.

7  Some possible guidance prinoiples

7.1 As a result of the work above, it seems clear that firm proposals may
be made for guidance during the vernier stage of thrust. These are outlined
below in the conclusicus. Conocerning guidance during the period of main
motor thrust, the work above suggests two broad principles. However, the
velooity of the missile is a three dimensional vector, so that there are
three dispossble oomponents. The employment of only two guidance prinoiples
would leave guldance in the third dimension arbitrary. Guidanoe in range is
achieved by the choice of cut—off speed. Guidanoce to remove the line errox
at impact is by oontrolling the left/right oomponent of the misgile velooity.
Guidanoe in the up/down direction, which governs the olimb angle and attitude
angle, has not been defined so far.

7.2 The choioe of the climb path affects considerably the maximm range
which the missile can twravel for a given motor performsnce. Reference 5 has
shown that a close approximation to the best performence is given by a climb
at oonstant attitude (after a turnover through the atmosphere from a vertical
launch direcidion). The value of the optimum attitude angle is a function of
the range to be traversed and of the motor performance.

7¢3 A olimd at oconstant attitude oould be achieved by guidanoce from an
auto-pilot in which the free gyro is suffiociently wender-free to maintain its
direction throughout the boost period. If such a guldance scheme were
adopted, ths reference velood.ty oould be oomputed as suggested for the ver-
nier phase from measurements of the position and olimb angle of the missile.
Guidance in asimuth oould be either by compardng left/right components of the
actual and reference velooities or by oonstant pre-sot attitude.

-19 -
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Work is needed cn this guidance ccheme to investigate whether a satisfaotory
system can be developed. On the one hand the ocontrol system must not be so
heavy or demand so much power as to cause a considerable loss in performance.

On the other hand, the oontrol must not be so slack as to allow wide dispersion
which would again cause loas of performance through mis-direotion of the rooket
thrust or by requiring a heavier guidance computor. Dispersion at mein motor
cut~off also determines the size of the vernier control equipment.

7.4  Alternative guidance schemes may be devised in which the guidance is not
preset as in the scheme sbove. For example, the following rrinsiple appears
workeble although no Investigation has been oarried out. A preferred attitude
is defined which might be, for example, the direction along which the thrust of
the missile would be directed in the preset scheme above. The missile is oon-
trolled in heading so as to make the up/down and left/right welocity ocomponents
approach the corresponding oocmponents of the reference velooity (defined with
respect to the preferred attitude). If the reference velooity is chosen
suitebly, the ocomponents normal to the preferred attitude will change little
along the standard trajeotory. Fossibly one of the definitions of reference
velocity discussed in the preceding section will suffice foxr this purpose.
Under these conditions, if the missile suffers small dispersion, the missile
attitude and thrust divection will soon settle along the preferred attitude,
If, however, the missile suffars a wide dispersion, the components of the
reference velocity will change slowly and cause the missile to alter its head-
ing, oompeasating to same extent for the dispersion.

This method of guidance appears more ocomplicated in principle and might be
more difficult Yo instrument. However, it does not require a gyroscope capable
of preserving its attitude for the duration of the boost. There might also be
less dispersion than with the preset method of 7.3.-

7+5 Another guidance scheme (proposed by Oonvair) has been described as
"pursuit homing in wvelocity space". The guidance computor is so constructed as
to set up effeotively two continuously varying vectors, one representing the
reference velooity and the other the actual missile welocity. The guidance
principle is to direct the heading of the missile along the veotor difference,
called the "velocity to be gained". If for purposes of illustration, the veotor
velooities are regarded as defining the positions of two points (target and
missile) it will be appreciated that the guidance principle is akin to ocommand~
ing the missile to perform a pursuit homing course towerds the target.

This guldsnoe scheme appears equally as flexible as the one described
above in section 7.4 but suffers from one obvious defeot. Towards the end of
the boost phese when the actual velooity becomes nearly equal to the reference
veloolity, the guidance suffers from the well known failing of pursuit ocourses
in that the missile heading is liable to change very rapidly.

8 Conclusions

8.1 The result of the erguments in chapters 2, 3 and 4 is that guidance during
the vernier phase of thrust should aim at corrsoting the two velooity oomponents
in the oritical and left/right directions. This suggests that the thrust of the
vernier motor should be substantially along the oritical direction with ability
to deflect laterally for oontrol of heading.

Guidance in the up/down plane may be chosen arbitrarily. Thus the attituds
oould be mainteined oonstant by & free gyro preset before laumch. Alternatively,
es in the Convair proposals, the attitude ocould be maintained the seme as at
mein motor cut-off by meens of an auto-pilot gyro of shorter stability.

The reference velooity is computed as a funotiom of the missile position
and clinmb angle measured by the navigational equipment. Guidance in azmimith
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eims at equating the left/right component of the missile veloocity with the
left/right oomponent of the reference velocity, and maintaining the error
adequately small. Guidance in range is achieved by ocutting off the vernier
motor when the missile oritiocal wvelocity component reaches the oorresponding
critical ocomponent of the reference velooity.

8.2 The reference speed can be computed on the ground as a function of
position by means of a relatively simple computor provided the coordinates
are curvilinear ones, viz. ground range and height, If the dispersion of the
cut-off position from the standard position does not exoeed #15 n. miles in
height and t}O n. miles in ground range, a linear approximation will give
values within % ft/sec of the correot reference aspeed. A quadratic approxi-
mation lies within & ft/sec of the correct speed for dispersion of *75 n.miles
normal to the trejeotory and #150 n. miles along the trajectory.

8.3 Two guidance principles are suggested in sections 7.3 and 7e4 which
appear worthy of investigation. Fubure investigation will take the form of

devising the best oontrol system and finding its effect on weight and per-
formance of the missile.
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Glossary

Attitude is used to demte.the direction in space of the missile
longitudinal axis,

Suffices 41 and 2 are used to denote walues of variables at ovt~off and
at impaot.

a length of semi major axis of elliptical orbit

A faotor rela error at impaot to exrroxr in poslﬁon at ocut-off:
see equations (1) - (5)

a inclination to horizontal of vernier acceleration

B factor relat error at impact to error in velooity at cut-off:
860 oquations 1) - (5) -

c cot 2Q1

d  straight-line distance from cut-off to impact

E g oXTor in line of impact position rela.t;'l.ve to target

Er error in range of impact " " " .

z magnitude of verrier aoceleration

g aooeleration due to gravity at earth surface: 32 ft/seo2

b m Xy =Ty height of out-off in exness of the impect point

® olinb angle: inolination to local horizontal of misslle velooity

-2f =
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length of semi latus rectum of elliptical orbit

angle subtended at the oentre of the earth between the out-off point and
the impact point

perameter related to missile apeed: = 5';
o &R

= tan @

distance of missile from oentre of the earth

radius of earth 3437.75 n. miles

duration of vernier acceleration

speed of missile

ground rangs of missile from launch

displacement of missile normal to plane of desired trajeotory

displacement of missile along oritical direction
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APPENDIX I

Pirst end Second Differentials of Reference Speed
' for Fixed Clinb Angle

It is shown in the text, equation (15), that

5 2g R? r2(1+q12)
) ry {h(02+1) + 2r2(1+oq1)} )

Y4

Regerd this as a definition of the reference speed v4 in terms of the
cut-off pesition (ry, @) of which the coordinates are measured with respeot
to the centre of the earth as origin and the direction of the target as
initial line. The varisbles (r4, @,) govern the values of h and o
through equations (10) and (13). The olimb angle 6 is kept constant and
8o equation (8) shows that q is constant.

Differentiate logarithmically with respeot to ry¢;

2%v, & (02+1 o
1
15

n(0%1) + 2r,(1+o0q,)

using equation (13) which shows &h = &y

Thus

vy &r1 (02+1 )r1
&V LIRS 1 . 8
! &y { NP b2(1+oq1)} (z8)

Teke for the standard cut—off conditions a ground range to impact of
2500 n, miles at a olimb angle of 33i° from a out—off height of 100 n. miles.
Thus

y = tan 33°30' = 0.66188556
o = oot 20950' = 2.627912
h = 100 ne miles o

Teke the radius of the earth R = 3437.79 n. miles and the acoeleration
due to gravity at the earth swrface 32 £4/sec”

Equation (15) shows that
= 18095. 74 f4/sec.

=

Equation (13) shows that
r1 = 353775 n. milesa.

-23 -
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Substituting the sbove values in expression (28) gives 4
bv, = - 64202416 f%/sec per n. mile in height.

Differentiste equation (15) logerithmically with respect to o;

‘ 2&v1 (2ho + 2ryq )60
' 1 B h(02+1) + 2r2(1+oq1)
| e, 571 8 - V1 GO(hO . r2q1 ) . (29)

h(02+1) + 2r2(1+oq,l)
Now by equation (10)

Cc = oot%@r

| Thus ' 8o = - 3(o%1) 52, (30)

g Write the ground range from the launch point to out—off as xy» Then i%
| follows that for fixed launch and impeoct positions, :

8% = -R. 8% . (31)
Substitubing equation (31) into equation (30) gives
| 2
! % = (0 +1> &1 (32)
\

Substituting equation (32) into equation (29) gives

v, 8x, (02+1 )(ho + r2q1)
By B m— . — .
h(c%+1) + &’2(1+oq1)

(33)
Substituting standaxrd values of the variables in expression (33) gives

} 6v1 2 = 2,69113 £t/se0 per n. mile ground rangs .

Equation (28) may be written as

¥oo0n {_3_ . (0%+1)
2

b o

1 (02+1 )+ 2'1'2(‘l+0:)q,1 )} )

J
1

Differentiating onoce more with respeot to ry gives

| 3.2.‘11,3.';1J_,_1_) k| ry(Pn)”

i =2 T\ & 2r12 2{(c%1)h + 2xy(1+0g,)}?
n" ..1. .a_'i _|:<av 2v12(o +1) ]

25, [(@o)h + 20y(tvon, )]

| -2 -
|
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2 2
v l(ﬂz_ vy{et) .
;.F K ar1> Ty {(P+1)m + 2r,(1+0q4 )} (34)

BEvoluated at the standard ocut-off position, the sbove expression (34) is

2,

v
—1 = 0.004317 ft/sec per (n. mile)?.
o

1

Equation (33) may be written

3:1 o vy . (02+1)(ho+r2q1)
2R

axy h(02+1) + Zr2(1+oq1) )

Differentiating logarithmically with respect to ground range Xy gives
vy
2, —
i_&/fﬁ B e @) &
a2 o Y\ &) oy )\

2(howr,q, ) (ao >

) n(o%1) + 2r,(1+0q) &y

&y

Now equation (32) shows that

0 o+l
E xR °

o) G
(Borzyq )(5%41)
R {h(02+1) + 2r2(1+cq_1)}:' )

-

Using equation (33) to eliminate the last term gives
2

ow 2 ov 2 oV, 2
1 e Wy A A\ (o, _h(c%) 2

ax,‘E - v1-(211) * “1) {§+mhg*;zq1 }+"1 (7&11>

2

D@ w

- % -y
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Evaluated at the standard out-off position, the above expression (35) is

62v1 . 2
—3 = = 0.000978, ft/sec per (n. mile)“ .

&y

Differentiating equation (33) logarithmically with respect %o ry gives

2,
Sy /(""1) ) l<a"1>+ o . (o%41) .
ax oy [\ox, Vi \y)  BOHLAL p620q) 4 2x,(1+0q,)

Use equation (28) to eliminate the last term.

2,
. (.?.".1){1.(3"_1>,, o +_2_<i1_ +_1_}
6r1 ax1 ax1 vy c)r,l ho+r2q1 vy ar1 Ty

2
oV oV, av, .
. ) <"1 4 3
e O % au“1) (”1) * {-h"’*:z% * ;'11-} ) (36)

Evaluated at the stuhmﬁ cut-off position, the above expression (36) is

2
) v

ar1 31!1

= - 0.0007797 £t/sec per (n. m:l.le)2 .

- 26 =
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APPENDIX IT

First and Second Different:la]s of Reference Velooity
for Least Reference Speed

It is quoted in the text, equations (16), that

2
v.2 o .’s‘s._R_(__si_:h_),
1 3

1‘1 1‘1 +1‘2+

Regard this as the definition of the reference speed v, in terms of
the out-0®f position (ry,d) where is the distance from the centre of the
earthanidisthesh'alghtlinedlstamefranthetarget.ushomin
equation (17), 4 may be related to the angular range & subtended at the
oentre of the earth through the equation

2 2 2
da = r1 +r2 -21'11‘200561.

Differentiate logarithmically with respect to Ty

25v,| &‘1 & - &’1 & + 6:‘1
A = -_rT" d~h _r1+r2+d

i.e. 2 _ &, Fy8 - (ump)ory (37)
v r, ¢ (d—h)(::ul +r2+3._f

using the definition of h in equation (13).
Differentiate equation (17) with respect to Ty

d. 8 = &‘1(r1-rzqos Q1). (38)
Thus

2 2
24 fr, 8-~ (d+r2)6r1} = 28, {r1 - r,T, ocos & - & - r,d}

2 2
= &r, {r,” - x, -r2+d - 242 - 2r,d}
using equation (17) for oos &
2 2 2
=5r1 !r1 -r, -h'ad-d}
2
= &, {1'1 - (r2+d)2:}

- - &“ (Qr1+r2)(d¢).

-27 =
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Substituting in equation (37) gives

&vy = - v12r1 {J— + -2-1-} . (39)

Ty

At the standard ocut-off position defined in Appendix I it may be shown that
d = 22}82.60 N miles.
Evelusted at the standard cut-off position, the above expression (39) is
)
%y

When the ground range to the out-off point varies, equation (17) shows
that 4 veries but ry remains constent.

= = 6.20203 ft/sec per n. mile of height.

Differentiate equation (17) with respect to A

d. 88 = Ty sin <b1 . 6@1.
From equation (31) it follows that

T4%y
R

B = -

where &% 1s the change in ground renge to the cut-off position.

Differentiate equation (16) logarithmically with respect to d;

28vy L b __8a
v1 d-h r1+r2+d
& . 2::1

= 3
id—h SZ r1 +r2+d.$

Using equation (40) for &4, this beoocmes

av. r,v r,r
oy X1 )
& © Enrd) ( il Q1> . (44)

Evaluated at the standard out-off position, the sbove expression (41) is

o .
-&-11 B = 2.691264 f£t/sec per n. mile ground range.

Equation (39) may be written
av. R ACK:H
1
-&J{ - -_ﬁ— )

-28 -
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Differentiate logarithmically onoe more with respect to Ty

2
Fyfo ol
&y Vi &y rpad T (“1)

r

I T R L&
vy oy r1(r1+d) d(r1+d) ar,

Using equation (38),
2

5271 _‘L 2 T4
—3 Cv> &‘1 T [d + (r_! - r, cos §1)}

1 671 2 av1 d3 + :r:,!‘3 - r12r2 003 §1
v <&1) (ar) r1d2 (r1+d)

1 1

which beoomes on substituting for cos &, from equation (17)

3 3 5 2 2
. .L(ﬁ)z (av1>2d+2r1 <, 7y 2+r¢1
V4 \%y ary 2r1d. (r1+d)

2 3 2 2
- .:L( ) (ﬁ) 27 (xy4d) + 7, = myTy” - x,d
vy \3y oy 2:'1112 (r1+d.)

2
oV ov, v, (x -d
e RO BN L o
&, 1 1 1 1 hr,d
Evalusted at the standard cut—off position, the above expression (42) is
2
) A 2
—5 = 0.003422 ft/sec per (n. mils)
ar
1

Equation (41) may be writtem
ivi . _'vrfrasini .
ax, Rdi d-h)( Ty +oy+d )

Differentiate 1lagarithmically onoe more .w:l.th respect to X
v, [ av 28
SHfE R BB e i)

which beoames on using equations (31) and (40)

- 29 -
SECRET - DISCREET




SECRET - DISCREET

Technical Memorandum No. GW 263

82v1 av, . Ty 2(asr,)
3 = T e "z oot d +'Ra sin &
ax1 6x1 vy ax1 R 1 Rd [d (= $Zr1+r2+d5}
o (43)
Last term
r,r 2(d+x,)
A2 1 2
Rg oin Y {d * TR }
may be written with the use of equations (13) and (41) as
4 ( E.l) (r1+r2+d)(d.-r1+r2) + 2d(r2+d)
ax.l d
2 ’ 2
L <iv;1_) (d+r2) + 24(r,+d) - Ty
6x1 r1v1d
avy (2a4r)? = 2% - &
LR B .
(Eﬁ) r1v1d
Substituting in equation (43) gives
2 2 2 2
) 'V1 i} 1 <av1) _ cot ‘}1 (3’_\1) (3“)‘1> [(2.5&1‘2) - r1 -d ]
R AL ox, ryd
(k)

Evaluated at the standard cut-off position, the sbove expression (L) is
2 ' A
0 vy
2
oy

2 ~0.001087 ft/sec per (n. mile)” ,

Again equation (39) may be written
_avi _ vy (r1+d)
ar1 Z.'1d ¢

Differentiate logarithmically with respect to xy keeping e oonstant;
5 .
20 _1-,2';1+_a_d_{4__%}
ax1 ar1 ar1 \Z a:1 611 r1+d

and so using equation (40)

ov r,r, sin § r
S SRk Rk 1, 1
v, ' T m ax,+d)
- w -
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2 ] 2
L, AT 1_<;‘_1.> (3.‘3_) ..‘.’1).”.1}_2__”‘_‘31 (45)
ayay Y \F)\Fy) 1/ Ra® (rg +a)

Evaluated at the standard cut-off position, the sbove expresaion (45) is

a2"1 2
-5 = " 0.0004683 f£t/sec per (n. mile)” .
1%
It is quoted in the text, equation (18), that the olimb angle 6, is
given by
r.' - T, cos d?_‘

CDt Ze =
1 Ty sin 91

Differentiate with respect to Ty treating &, a8 constant

2 dx,
- coseo 261 o 26‘61 = T PITY @1
. . 1
ar1 2r2 sin Q1 cosecs 261

and by substitubion from equation (18) this is

r, 8in §1

2

= —% 3
2 2 2
T, sin” & + (:r.',j--r2 cos §1)

26 r, 8in &

4 2 1
de©e — g e ——tmo— %
&=, " (46)

using equation (17) for a2.

Evaluated at the standaxd out-off position, the above expression (46) is
661 :
= ° - 0.6374 minutes of arc per n. mile.
1
Differentiating equation (18) with respeot to ground range gives
2
226, (r, 8in Q1) = (ry-r, cos @) ry oos &

- 00860 20, ¢ w5 =
1" od 2
2 (v, 8in 01)

which using equations (18) and (17) leads to

-3 -
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39, r ' 1
-1 -2 2 3 - 2
3%, = 2 (rz sin” ¢ -1, cos & + r, cos 1) .

Henoe, from equation (31) it follows that

06 T
=1 = —Z (x, - r, cos &) (&7)
iuc1 2Rd2 2 1 1

Evaluated at the stendard cut-off position, the above exmression (47) is

— = 0.2217 mimites of arc per n. mile,

Lo 32 -
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